Let ϕ be a holomorphic self-map of the open unit ball B, g ∈ H(B). In this paper, the boundedness and compactness of the Volterra composition operator T ϕ g from generally weighted Bloch spaces to Bloch-type spaces are investigated.
Introduction and preliminaries
Let B be the unit ball in C n and H(B) the class of all holomorphic functions on B. Let z = (z 1 , z 2 , · · · , z n ), w = (w 1 , w 2 , · · · , w n ) be points in C n and z, w = n j=1 z j w j . Let Rf (z) = n j=1 z j ∂f ∂z j (z) be the radial derivative of f ∈ H(B), see for more details in [14] .
For any 0 < α < ∞, we define the generally weighted Bloch space B α log of holomorphic functions such that f B α log = |f (0)| + sup z∈B (1 − |z| 2 ) α |Rf (z)| log 4 1 − |z| 2 < ∞.
When α = 1, for the case of the unit disk the logarithmic Bloch space has appeared for the first time in characterizing of the multipliers of the Bloch space in [1] , for more details in [12] and [13] . In [3] , [4] and [5] , we studied composition operator on generally weighted Bloch spaces.
A If we say that a function µ : B → [0, ∞) is normal, then we will also assume that µ(z) = µ(|z|), z ∈ B. The Bloch-type space B µ (B) consists of analytic functions f : B → C such that
where µ is normal.
In [9] and [10] , it was shown that B µ (B) is a Banach space with the norm f Bµ = |f (0)| + f µ . The little Bloch-type space B µ,0 (B) consists of analytic functions f :
Let ϕ be a holomorphic self-map of B. The composition operator C ϕ as usual is defined by
For some results on composition operators, see [2] or [7] . Suppose that g : B → C is a holomorphic map, define
This operator is called the Riemann-Stieltjes operator or extended Cesàro operator, see for example [11] . The Volterra composition operator is defined by
The Volterra composition operator is a natural extension of the Riemann-Stieltjes or extended Cesàro operator. The Volterra composition operator on the unit disk is considered in [6] . The Volterra composition operators on logarithmic Bloch spaces on B are studied in [15] .
In this paper, we give the characterization of the boundedness and compactness of Volterra composition operator T ϕ g from generally weighted Bloch spaces to Bloch-type spaces. Throughout the remainder of this paper C will denote a positive constant, the exact value of which will vary from one appearance to the next.
The boundedness and compactness of
In the beginning, we introduce some auxiliary results which will be needed in our proofs of the theorems.
Lemma 2.1. Let f ∈ B α log (B) and z ∈ B, then we have
Proof. Using the integral representation for R differential operator, we have
For 0 < α < 1, α > 1, then (a) and (c) hold. 
This implies that T ϕ g f jm (z) − f (z) → 0 uniformly on compact subsets of B as m → ∞. Since f jm → 0 on compact subsets of B, by the definition of the operator T ϕ g , it is easy to see that for each z ∈ B, lim m→∞ T ϕ g f jm (z) = 0. Hence f = 0. By the arbitrary of (f j ) j∈N , we obtain that T ϕ g f j → 0 in B µ as j → ∞. Conversely, let {h j } be any sequence in the ball K M = B B α log (0, M ) (at the center of zero with the radius M ) of the space B α log . Since h j B α log ≤ M < ∞, by Lemma 2.1, {h j } is uniformly bounded on compact subsets of B and hence normal by Montel's theorem. Hence we may extract a subsequence {h jm } which converges uniformly on compact subsets of B to some h ∈ B α log , moreover h ∈ B α log and h B α log ≤ M . It follows that (h jm − h) is that h jm − h B α log ≤ 2M < ∞ and converges to zero on compact subsets of B, by the hypothesis, we have that T Here we only consider respectively the following two cases:
Theorem 2.3. Let ϕ be a holomorphic self-map of the open unit ball B, g ∈ H(B), 0 < α < 1. Then the following statements are equivalent.
Proof. Then (iii) holds.
(iii)⇒(i) For any bounded sequence (f k ) k∈N in B α log and f k → 0 uniformly on compact subsets of B,
By (iii), g ∈ B µ , moreover, f k ∈ B α log , then (i) holds. 
Then (2.1) holds. By taking the test function f = 1 which is in B α log , then g ∈ B µ .
Theorem 2.5. Let ϕ be a holomorphic self-map of the open unit ball B, g ∈ H(B), α > 1. Then the following statements are equivalent.
and lim
Then (f k ) k∈N is a bounded sequence in B α log and f k → 0 uniformly on compact subsets of B, T ϕ g f k ≥ µ(z k )|f k (ϕ(z k ))||Rg(z k )| ≥ Cµ(z k )A(|ϕ(z k )|)|Rg(z k )|. Then (2.2) holds by letting k → ∞. By taking the test function f = 1 which is in B α log , then g ∈ B µ . Conversely, by (2.2), for any given ε > 0 there exists a positive number δ (δ < 1) such that µ(z)A(|ϕ(z)|)|Rg(z k )| < ε wheneverδ < |ϕ(z)| < 1. 
